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Abstract: This study shows validity of the bisection method in conjunction with the Newton-Raphson method in 

application to an inverse analysis of a three parameter model.  Our techniques are demonstrated by application to 

microbial depolymerization process. Numerical results show applicability to a wide range of inverse problems. 
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INTRODUCTION              

 

Petroleum based polymers has been produced 

industrially since around the mid twentieth century. 

Although those macromolecular compounds had been 

nonexistent until they were produced, some of those 

xenobiotic compounds are utilizable by 

microorganisms. Those petroleum based polymers 

have been accumulated on the surface of the earth, and 

they are now potential sources of carbon dioxide 

emission. It is an urgent task to elucidate mechanism of 

microbial depolymerization processes.  Microbial 

depolymerization processes are categorized into 

exogenous type processes and endogenous type 

processes. In an exogenous type depolymerization 

process, molecules reduce in size through successive 

terminal liberation of monomer units. Unlike an 

exogenous type depolymerization process, molecules 

break up randomly in an endogenous type 

depolymerization process. 

Polyethylene (PE) is an exogenously 

depolymerizable polymer. The weight reduction due to 

β-oxidation, and the direct consumption by cells are the 

primary factors in an exogenous type depolymerization 

process of PE. A PE molecule liberates a monomer unit 

(CH2CH2) in one cycle of β-oxidation.  It reduces in 

size undergoing successive β-oxidation processes until 

it becomes small enough to be absorbed directly into a 

cell. According to this scenario, mathematical model 

was proposed for numerical simulation of PE 

biodegradation processes [1]. 

 

Polyethylene glycol (PEG) is another 

exogenously depolymerizable polymer. PEG is one of 

polyethers that are expressible with structural formula 

HO(R-O)nH (PEG: R = CH2CH2). A PEG molecule 

reduces in size liberating C2 compounds (CH2CH2O) 

[2]. Numerical techniques that had been developed for 

PE biodegradation were applied to an exogenous type 

microbial depolymerization process of PEG [3]. 

Weight distributions with respect to the molecular 

weight before and after cultivation of microbial 

consortium E-1 were introduced into problems for a 

molecular factor of a degradation rate. Once a 

degradation rate was obtained, initial value problem 

was solved for simulation of a microbial 

depolymerization of PEG.  The time dependence of 

degradation rates was also considered for formulation 

for  a PEG biodegradation process [4]. 

Polyvinyl alcohol (PVA) and polylactic acid 

(PLA) are endogenously depolymerizable polymers. A 

mathematical model was proposed for an enzymatic 

degradation of PVA [5]. Mathematical techniques 

which had been developed for the enzymatic 

degradation of PVA were applied to an enzymatic 

hydrolysis of PLA, and degradabilities of PVA and 

PLA were compared [6]. The time dependence of a 

degradation rate was also considered for a PLA 

depolymerization process [7]. A mathematical model 

that had been proposed for endogenous type 

depolymerization processes was reformulated for 

exogenous type depolymerization processes of PEG [8] 

and PE [9]. Numerical techniques that had been 

developed for the PE biodegradation [9] were applied 

to an exogenous type depolymerization process of PEG 

[10].  The time dependence of degradability was 
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considered in formulation of a PEG biodegradation 

process [11]. 

An exogenous type depolymerization process 

of PEG was revisited in this study. In the following 

sections, mathematical model for an exogenous type 

depolymerization process is described, and an inverse 

problem for the microbial population is illustrated. 

Numerical results show a practical applicability of the 

Newton’s method in conjunction with the bisection 

method. 

DESCRIPTION OF MATHEMATICAL MODEL 

FOR MICROBIAL DEPOLYMERIZATION 

PROCESS OF EXOGENOUS TYPE 

 

Suppose that a polymer is the sole carbon source in a 

culture medium. Let  Mtw ,  [mg] the weight 

distribution with respect to the molecular weight M  at 

time t  [day], and  tv  [mg] be the total weight of 

polymer molecules with molecular weight between A  

and B  at time t . The total weight  tv  is the integral 

of  Mtw ,  with respect to M  over the interval  BA, , 

   
B

A
dMMtwtv , .                                                                       

(1) 

The total weight  tv  of the entire residual polymer at 

time t  is the integral of  Mtw ,  with respect to M  

over the interval   ,0 , 

   



0

, dMMtwtv .                                                        

(2)                                                  

Integral (1) is an appropriate approximation of the 

integral (2) for suitable values of A  and B .  

 

System of equations (3), (4) for the weight distribution 

 Mtw ,  and the microbial population  t  was 

proposed in previous studies [10, 11, 12, 13, 14, 15, 

20]. 
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Parameter L  is the molecular weight of a monomer 

unit, PE: 28L   (
22CHCH ), PEG: 44L   

( OCHCH 22
). Function  M  is the molecular factor 

of the degradation rate, while  t  is the time factor 

that corresponds to the microbial population.  Note that 

 tv  is the total weight reduction of the polymer in 

the culture medium per unit time.  In an exogenous 

type process, weight reduction is due to liberation of 

monomer units which are consumed by cells, and the 

weight reduction  tv  is converted to the increase of 

cells per unit time.  The function   /tv  is the 

conversion of weight reduction to population increase 

per unit population. 

System of equations (3), (4) forms an initial value 

problem with initial conditions 

 

   MfMw 0,0  ,                                          

(5) 

 

  00   ,                                      

t           (6) 

where  Mf0
 and 

0  are an initial weight 

distribution and an initial microbial population, 

respectively. 

 

SOLUTION OF INVERSE PROBLEMS FOR 

MOLECULAR FACTOR AND TIME FACTOR 

OF DEGRADATION RATE 

The initial value problem (3), (4), (5), (6) is solvable 
for unknown functions  Mtw ,  and  t  provided the 

function  M  and values of parameters 
0 , k , and h  

are given. In order to specify the function  M  and 

values of parameters 
0 , k , and h , change of variables 

from t  to   given by 

  .
0
t

dss                                                                                          

(7) 
was applied to the equations (3) and (4). Denote by 

 MW , ,  S , and  V  the functions  Mtw , ,  t , 

and  tv   respectively, where the relation (7) between  t  

and    holds.  

Note that equations 
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hold.  Note also that equations 
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hold. The system of equations (3), (4) leads to 
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Note that equations (8) involves  MW ,  only, while 

equation (3) involves two unknown functions  Mtw ,  

and  t .  Note also that 

   



0

, dMMWV   

holds. 
 

 
Suppose that the weight distribution for 

1T ,  MF1
, 

is given, that is,    MTWMF ,11   holds, and that the 

weight distribution for  212 0 TTT  ,  MF2
, is 

given ,that is,    MTWMF ,22   holds. Equation (8), 

the initial condition  
 

   MFMTW 11,  ,                                                                                                         

(10) 
and the final condition  

   MFMTW 22 ,                                                                                                           

(11) 

 
form an inverse problem for  M , for which the 

solution of the initial value problem (8), (10) also 
satisfies the final condition (11). 

 

 

Numerical techniques for the inverse problem 

(8), (10), (11) were developed in previous studies. 

Weight distributions after before cultivation of the 

microbial consortium E1 were assigned to the functions 

 MF1
 and  MF2

, respectively,  values of 
1T  and 

2T  

were set, and the inverse problem (8), (10), (11) was 

solved numerically. Once the function  M  was 

obtained, equation (8) was solved for  MW ,  with the 

initial condition 

   .,0 0 MfMW                                                                                                            

(12) 

 

 

 

 

A previous study shows that  V  is well approximated 

by an exponential function 
ev0

, which indicates 

that  V  is approximated by the solution of the initial 

value problem 

  ,0, 0vVV
d

dV
 


                                                                                       

(13) 

 

and that  tv  is approximated by the solution of the 

initial value problem 

  ,0, 0vvv
dt

dv
                                                                                         

(14) 

where 

      .,00
0

0
0 



 dMMfdMMwv  

 

Suppose that     evV 0
 is the solution of the initial 

value problem (13) with given values of 
0v  and  .  A 

solution of the equation (9) with the initial value 
0  is 

not only a function of  , but also a function of 

parameters  
0 , k , and h , and we denote it by 

 hkS ,,, 0 .  The change of variables (8) leads to 

 hkqt ,,, 0 , where 

 
 






0
0

0
,,,

,,,
hkrS

dr
hkq                                                                                              

(13) 

 

Given 1m  pairs of values of t  and  tv , 

     mm vtvtvt ,,,,,, 1100  , corresponding the values of 

 , 
m ,,, 10   are obtained by solving 

     mitvV ii ,,2,1  . Given m  pairs of values 

of t  and  ,    mit ii ,,2,1,  , define functions  

   mihkgi ,,2,1,,0   by 

 

    iii thkqhkg  ,,,,, 00  , 

 

and consider the equations for 
0 , k , and h , 

 

   .,,2,10,,0 mihkgi                                                               

(14) 
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Various methods were applied to systems of equations 

such as system (14). Those are the Newton- 

Raphson method in conjunction with the bisection 

method, the Newton- 

Raphson method in conjunction with the Newton’s 

method, the Newton-Raphson method, and the Gauss-

Newton method [12 – 15, 17, 18, 20].  

NUMERICAL RESULTS FOR MICROBIAL 

POPULATION IN EXOGENOUS TYPE 

MICROBIAL DEPOLYMERIZATION PROCESS 

OF PEG 

The results from cultivation of the symbiotic mixed 

culture E-1 on PEG  6000 was reported [16]. Let 

 6,,1,0  iiti
, 87 t  and 108 t . The 

residual PEG 810  , , , vvv   at time 810  , , , ttt  , 

respectively, are given.  Recall that function 

 hkS ,,, 0  is the solution of the equation (7) with the 

initial value 
0 . The values of the parameters 2  

and 1.00   were set, and the Newton’s method was 

applied to the equation 

 

  0,,02 hkg                                                                       

(15) 

 

for the function  hk   which satisfies 

   0,,02 hhg  . Fig. 1 (a) shows a numerically 

generated graph of  hk   for 0.1600.120  h . 

Fig. 1 (b) shows the curve    hhgh ,,, 04   for 

0.1600.120  h .  Fig. 1 (b) shows that there is a 

solution of  

   0,,04 hhg                                                                       

(16) 

 

in the interval  0.160,0.120 .   

 

Fig. 1: (a)  Graph of  hk  . Equation (15) was solved numerically by the Newton’s method for values of h  that 

satisfy 0.1600.120  h .  (b)  curve    hhgh ,,, 04  .. 

 

The bisection method was applied to the equation (16).  

Table 1 shows the iteration process of bisection 

method.  It shows that it took thirty four steps of 

iterations for   hhg ,,04   to reduce to a value less 

than 10
-12

.  Fig. 2 (a) shows a numerical result for the 

residual PEG in the culture medium. Fig. 2 (b) shows a 

numerical result for the microbial population  t . 
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Table 1. Iteration process of the bisection method.  Entries in the first column n are the iteration counts of the 

bisection method, and the entries in the third column m are the number of iterations of the Newton’s method for 

residual between successive approximations to reduce to a value less than 10
-12

. 

 
 

Viable cell density [10
9
/ml] of S. terrae  

is  at  

 8,,1,0 iti
 were reported [16]. A linear relation 

bas    between the cell density s  and  microbial 

population   was assumed and the cell density was 

assumed.   The least square approximation based on 

    3,2,1,0, ist ii  led to the values of a  and 

b ,

633566258-4.7609816  72956856,45.4005490  ba

 (Fig 3 (a)). Figure 3 (b) shows the conversion of the 

curve         hkShkqtt ,,,,,,,, 00    according to 

the linear function. 

 

Fig. 2: (a) Curve         0/0.100,,,,, 0 vVhkqyt   . The figure also shows Residual PEG 
610 ,,, vvv   at 

time 610 ,,, ttt  . (b) Curve        .,,,,,,,, 00 hkShkqtt    
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Fig. 3: (a)     3,2,1,0, ist ii . A least square approximation  bas    is also shown 

 633566258-4.7609816  72956856,45.4005490  ba . (b) Cell density S. terrae 
is  at   8,,1,0 iti

 and the 

conversion of the curve        hkShkqtt ,,,,,,,, 00    according to the linear function. 

CONCLUSION 

In previous studies [10 - 15, 17, 18], weight 

distributions before and after cultivation of 

microorganisms in culture media were introduced into 

inverse analysis for the molecular factor  M  and the 

time factor  t .  A previous study [20] demonstrated 

that an exogenous type  microbial depolymerization 

process is simulated with a set of residual polymer 

before after cultivation of microorganisms. The Gauss-

Newton method [19] was applied to a nonlinear least 

square problem derived from the equation  

 
.1 












tv
hk

dt

d                                                                                           

(17) 

In this study, the Newton’s method in conjunction with 

the bisection method was applied to the system of 

equations     .0,,,0,, 0402  hkghkg   

The symbiotic mixed culture E-1 is an 

aggregate of S. terrae and Rhizobium sp. In the 

microbial depolymerization process, S. terrae was a 

primary PEG utilizing bacteria. Viable cell density of 

S. terrae was measured by colony counting on nutrient 

agar plates [16]. Figure 3 (b) shows the transition of 

viable cell density of S. terrae and a conversion of the 

numerical result for  t . It shows an acceptable 

agreement between the experimental results and the 

numerical results for ,,, 321 ttt and 
5t , while it shows 

notable disagreements between the experimental results  

 

and the numerical results for ,,, 764 ttt and 
8t . A further 

study is required for verification of our numerical 

techniques. 
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